We prove the positive mass theorem for manifolds with distributional curvature which have been studied in [6] without spin condition. In our case, the manifold M has asymptotically flat metric g ∈ C 0 W 1,p −q , p > n, q > n−2 2 . We show that the generalized ADM mass m ADM (M, g) is non-negative as long as q = n − 2, and g has non-negative distributional scalar curvature, bounded curvature in the Alexandrov sense with its distributional Ricci curvature belonging to certain weighted Lebesgue space and some extra conditions.
Introduction
Suppose that (M, g) is an asymptotically flat n-manifold. The positive mass theorem says that if the scalar curvature of (M, g) is integrable and non-negative, then the ADM mass of (M, g) is non-negative. This was proved by Schoen and Yau [11] under the condition of n < 8 and by Witten [14] for spin manifolds of any dimension. Bartnik [1] showed that the mass is independent of the choice of the coordinate at infinity provided that the metric g ∈ W 2,p −q , p > n, q ≥ n−2 2 with R(g) ∈ L 1 . Miao [9] established the positive mass theorem on manifolds with corners along a hypersurface Σ adding the condition which was seen as a replacement of the non-negativity of the scalar curvature that the mean curvature of the hypersurface in the compact part is larger than or equal to the mean curvature of the hypersurface in the noncompact part. He constructed smoothings g ǫ of g in a tubular neighborhood of Σ and then used conformal change of g ǫ to make the scalar curvature non-negative. McFeron and Szekelyhidi [8] proved Miao's theorem by Ricci flow to smooth the metric.
Recently, Lee and LeFloch [6] generalized the scalar curvature and the ADM mass to distributional sense and proved a positive mass theorem for spin n−manifolds with g ∈ C 0 W 1,n loc . They generalized Witten's arguments on spin manifolds and formulate the Lichnerowicz Weitzenbock indentity in the distributional sense. Their main theorem is Theorem 1.1. Let M be a smooth spin n-manifold(n ≥ 3) with an asymptotically flat metric g ∈ C 0 W 1,n −q , q > n−2 2 , if the distributional scalar curvature ≪ R g , u ≫≥ 0 for every compactly supported smooth non-negative function u, then its generalized ADM mass m ADM (M, g) is non-negative, that is, m ADM (M, g) ≥ 0 Moreover, m ADM (M, g) = 0 if and only if (M, g) is isometric to Euclidean space.
Then, we use classical positive mass theorem on the smoothings to get the mass of g ǫ is nonnegative. Finally, we get the mass of g ǫ converges to that of g as ǫ tends to zero under some assumptions and thus obtain the mass of g is also non-negative. Our main theorem is the following. Theorem 1.2. Let M be a smooth n-manifold (3 ≤ n ≤ 7) with an asymptotically flat metric g ∈ C 0 W 1,p −q , p > n, q > n−2 2 . Assume that (i) g has bounded curvature Rm(g)
in the sense of Aleksandrov, and the set Ω = {x ∈ M : Rm(g)(x) ≤ 0} is compact; (ii) g has non-negative scalar curvature distribution R g ≪ R g , u ≫≥ 0 for any smooth compactly supported non-negative function u on M ;
where l(x) = dist(x, Ω), for any smooth background metric h, · and∇ are inner product and Levi-Civita connection with respect to h, V is as in the definition of scalar curvature distribution; (v) R g is a finite, signed measure outside a compact set; (vi) q = n − 2.
Then, its generalized ADM mass m ADM (M, g) is non-negative. Moreover, m ADM (M, g) = 0 if and only if (M, g) is isometric to the Euclidean space.
Briefly speaking, we will construct smooghings g ǫ that approaches g and these conditions guarantee that g ǫ nearly satisfies the assumptions of the positive mass theorem. We will see in the following discussion that (i), (iii) imply g ǫ ∈ W 2,p −q ; (ii), (iv) ensure that R gǫ is almost nonnegative; (v), (vi) connect the mass of g ǫ to that of g.
In section 2 we will state some basic definitions and properties about ADM mass and generalized ADM mass. Then a brief description of the Ricci flow and mass under the Ricci flow is discussed. In section 3, we construct the smoothings g ǫ and we can see where the extra conditions are used from the construction. In section 4, we discuss the change of scalar curvature after smoothing. In section 5, the change of mass is discussed and we get the convergence of mass. In section 6, we prove the main theorem.
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Preliminaries
2.1. The ADM mass. We first recall several definitions about weighted Sobolev spaces and asymptotically flat manifolds in [1] . Let r = |x|, σ = (1 + r 2 ) 1/2 for x ∈ R n , n ≥ 3.
The weighted Sobolev space W k,p δ is the space of all functions u with finite norm
−τ , for some decay rate τ > 0 We may consider Φ as the coordinates of M at infinity, so we will usually write g ∈ W 1,q −τ (M ) to denote that (M, g) is asymptotically flat. Fix a metric h on M which is the Euclidean metric outside K, and let r be the smooth function on M such that r = |x| outside Φ −1 (B 2 ) and r = 1 on Φ −1 (B 1 ). Then we can also define the weighted Holder norm C k,α δ as
where the derivatives and norms are taken with respect to h.
If g ∈ C 1,α −δ for δ > n−2 2 and the scalar curvature R(g) ∈ L 1 , then the ADM mass is definded by
where the derivatives are taken with respect to the Euclidean metric. Bartnik showed that the mass is a geometric invariant under the above asymptotic decay condition, that is the mass is independent of the choice of the coordinate. The idea is based on the expression of the scalar curvature of (M, g) in local coordinates, and the scalar curvature can be written as
for some λ > 0. The positive mass theorem is the following.
, then m(g) ≥ 0, and equality holds only when (M, g) is isometric the to Euclidean space.
2.2.
The generalized ADM mass. In this paper, we are given a smooth n-manifold M with n ≥ 3 endowed with a fixed smooth background metric denoted by h. Let us describe the definitions of generalized scalar curvature and the generalized ADM mass originated from [6] .
Definition 2.4. Let (M, h) be a smooth Riemannian manifold, h be the smooth background metric.Given any Riemannian metric g ∈ L ∞ loc W 1,2 loc on M with g −1 ∈ L ∞ loc , for any compactly supported smooth function u : M → R, the scalar curvature distribution R g is defined by
and∇,R are the Levi-Civita connection and scalar curvature with respect to h, Γ k ij (g) andΓ k ij denote the Christoffel symbols of g and h respectively, the dot product is taken using the metric h, and dµ h and dµ g denote the volume measures with h and g, respectively.
In the case of g ∈ C 2 , the scalar curvature distribution R g is well-defined in the usual way and is a continuous function; in this case, ≪ R g , u ≫= M R g udµ g . And ≪ R g , u ≫ does not depend on the choice of the background metric h, as long as g ∈ C 0 W 1,2 loc . R g is said to be non-negative when ≪ R g , u ≫≥ 0 for every non-negative test function u. In [6] , they also showed that if g ∈ C 0 W 1,n loc , then ≪ R g , u ≫ makes sense for all compactly supported functions u ∈ L n n−2 with∇u ∈ L n n−1 . Now let M be a smooth n-dimensional asymptotically flat manifold such that there is a compact set K ⊂ M and a diffeomorphism Φ between M \K and R n \B 1 (0), where B 1 (0) denotes the unit ball in R n . Choose any smooth background metric h on M such that h ij = δ ij in the coordinate chart M \K ∼ = R n \B 1 (0) determined by Φ. We also choose a smooth positive function r on M that is the radial coordinate on M \K ∼ = R n \B 1 (0) and is less than 2 on K.
where V is the vector field in the definition of scalar curvature distribution and w n−1 is the volume of the standard unit (n − 1)-sphere.
From the definition of the distributional ADM mass, if g ∈ W 2,p −q for p > n, q > n−2 2 and its scalar curvature is integrable, then the generalized ADM mass is equivalent to the usual definition of ADM mass. So m ADM is actually a generalization of the usual ADM mass.
2.3.
The Ricci flow and mass along Ricci flow. The Ricci flow is a family of metrics g(t) on a Riemannian manifold M satisfying the equation
where Ric is the Ricci tensor of the time-dependent metric g(t). For any C ∞ metric g 0 on a closed manifold M n , there exists a unique solution g(t), t ∈ [0, ǫ), to the Ricci flow equation for some ǫ > 0, with g(0) = g 0 [2] . Because of the diffeomorphism invariance of the Ricci tenser, the Ricci flow equation is only weakly parabolic, so we have to use the DeTurck's trick to get an equivalent flow which is strictly parabolic. Given a fixed background connectionΓ which is assumed to be the Levi-Civita connection of a metricg, we define the Ricci-DeTurck flow by [12] also showed the short existence of the Ricci flow on noncompact manifold with bounded curvature. Given an asymptotically flat n-manifold (M, g), g ∈ C 2 δ , assume that g has uniformly bounded curvature, then, by the result of Shi, there is a Ricci flow g(t) with g(0) = g in a short time interval. Dai-Ma [3] proved that along the Ricci flow, the metric remains asymptotically flat of the same order, i.e. g(t) ∈ C 2 δ , by the maximum principle of Ecker-Huisken [4] . Li [7] recently also showed that the asymptotically flat condition is preserved under Ricci flow and if the initial metric g(0) ∈ C 2 δ with δ > n−2 2 and R ∈ L 1 , then the mass is unchanged. He also showed that the long-time existence of the Ricci flow on an asymptotically flat 3-manifold with nonnegative scalar curvature will imply the positive mass theorem.
Construction of smoothings
Let M be an asymptotically flat n-manifold (n ≥ 3) with background metric h. Assume that g ∈ C 0 W 1,p −q , p > n, q > n−2 2 is a Riemannian metric on M , then by the Sobolev inequality of weighted Sobolev space from [1] , we have
as r → ∞ by the definition of the weighted Sobolev space. Also, from the following inequality, for 0 < α ≤ 1 − n p < 1, then
Let us recall some facts about complete manifold with bounded curvature. From [10] , we know that such metrics are locally C 1,α . Theorem 3.1. Let M be a space with bounded curvature. Then in a neighborhood of each point, we can introduce a harmonic coordinate system. The components g ij of the metric tensor in any harmonic coordinate system in M are continuous functions of W 2,p (Ω) for any p ≥ 1 where Ω ⊂ R n is a domain of harmonic coordinate.
Thus, if we assume that g ∈ C 0 W 1,p −q with bounded curvature, then g ∈ W 2,p loc . From [13] , we have the following theorem with the assumption of bounded curvature. Theorem 3.2. Let g ∈ C 0 be a metric with bounded curvature on a manifold M , with curvature K(g)
in the sense of Aleksandrov. We may approximate g by smooth Riemannian metrics g α , α ∈ N such that
for open Ω ⊂ M whose closure is compact. Furthermore if the curvature satisfies
Let g ǫi , i ∈ N, ǫ i → 0 as i → ∞ be the smooth Riemaiannian metrics in Theorem 3.2 that approximate g. We will omit i for convenience. Then, g ǫ ∈ W 1,p −q for ǫ small and satisfy
Similar to the definition of the scalar curvature distribution, we can also define the Ricci curvature distribution. 
and∇,R are the Levi-Civita connection and scalar curvature with respect to h, Γ k ij (g) andΓ k ij denote the Christoffel symbols of g and h respectively, the dot product is taken using the metric h, and dµ h and dµ g denote the volume measures associated with h and g, respectively.
We then define the weighted Lebesgue spaces L p δ in the distributional sense.
is finite for any compactly supported smooth function u on M . 
Since v ρ (x) is compactly supported Lipschitz continuous function, by Proposition 3.
We will need the following theorem in [1] .
for some η > 0, q > 0, R ≥ 1, the Ricci tensor of (M, g) satisfies Ric(g) ∈ L p −τ −2 (M ) for some nonexceptional τ > η. Then there is a structure of infinity Θ defined by coordinates harmonic near infinity which satisfies (Θ * g − δ) ∈ W 2,p −τ (R n \B R1 ), for some R 1 ≥ R.
Note that δ ∈ R is said to be nonexceptional if δ ∈ R/{k ∈ Z, k = −1, −2, · · · , 3 − n}, where the exceptional values {k ∈ Z, k = −1, −2, · · · , 3 − n} correspond to the orders of growth of harmonic functions in R n \B 1 .
Theorem 3.8. Let (M, g) be an asymptotically flat n-manifold (3 ≤ n ≤ 7) with g ∈ C 0 W 1,p −q , p > n, q > n−2 2 . Assume that g has bounded curvature and its distributional Ricci curvature ≪ R ij (g), u ≫∈ L p −q−2 , then there is a series of smoothings g ǫ such that g ǫ → g in C 1,α loc as ǫ → 0 and g ǫ ∈ W 2,p −q .
Proof. Let g ǫ as above, then g ǫ → g in W 1,p loc as ǫ → 0 and thus g ǫ ∈ W 1,p −q as long as ǫ small. From Theorem 3.2, we know g ǫ → g in C 1,α loc as ǫ → 0. We can apply Theorem 3.1 to get g ∈ W 2,p loc , so g ǫ ∈ W 2,p loc . By the definition of the weighted Sobolev spaces, it is easy to see that L p δ is equivalent to the usual Sobolev space when δ = − n p . Therefore, g ǫ ∈ W 2,p − n p . Proposition
The change of the scalar curvature
We now focus on the scalar curvature. Under the hypothesis of Theorem 3.8, let g ǫ be the smoothings constructed in the previous section. From the definition of the scalar curvature distribution, we assume ≪ R g , u ≫≥ 0 for any smooth compactly supported nonnegative function u. We choose g ǫ as the background metric and
where v is a smooth compactly supported nonnegative function on M . Then according to Definition 2.4,
where R ǫ and∇ are the scalar curvature and Levi-Civita connection of g ǫ . then Let g ∈ C 0 W 1,p −q , p > n, q > n−2 2 , so g ∈ C 0 W 1,p loc ,for p > n,then by Proposition 3.5, the distributional curvature ≪ R g , u ≫ makes sense for all compactly supported functions u ∈ L p p−2 whose derivatives lie in L p p−1 . Now we assume g has bounded curvature in the sense of Aleksandrov and the set {x ∈ M : Rm(g)(x) ≤ 0} is compact, where Rm(g)(x) is the curvature of g. Theorem 3.2 implies that the set {x ∈ M : Rm(g ǫ )(x) ≤ 0} is also compact and so is {x ∈ M :
and ∂g ǫ . Thus
and ∂g ǫ . Under the conditions of Theorem 3.8,
Reture to the scalar curvature, we get Observe that the integrand of the above inequality is O(r −2q−2 ), and since −2q − 2 < −n and by our assumption that the set {x ∈ M : R ǫ < 0} is compact, then the integral is finite and
Therefore, we can finally prove the following theorem. where l(x) = dist(x, Ω), for any smooth background metric h, · and∇ are inner product and Levi-Civita connection with respect to h, V is as in the definition of scalar curvature distribution. Then there is a series of smoothings g ǫ ∈ W 2,p −q , such that
where lim ǫ→0 C(ǫ) = 0.
Proof. From Theorem 3.8, we get
Let δ → 0 in (4.3), and from (4.4), (4.5), we get
Let Ω δ = {x ∈ M : dist(x, Ω) ≤ δ}, from our assumption, we have
From Theorem 3.2, there exists C 2 (ǫ) such that for every δ,
Then we get the result.
The change of mass
Now we consider the change of mass after smoothing. Let M be a smooth asymptotically flat n-manifold such that there is a diffeomorphism Φ between M \K and R n \B 1 (0), for some compact set K ∈ M , B 1 (0) denotes the unit closed ball in R n . Choose h to be the smooth background metric such that h ij = δ ij through Φ. Let r be the radial coordinate outside K and less than 2 in K. Let g ∈ C 0 W 1,p −q be an asymptotically flat metric on M with p > n and q ≥ n−2 2 . From Theorem 3, there is a series of smoothings g ǫ ∈ C ∞ such that g ǫ → g in W 1,p loc as ǫ → 0. And From [6] , we have Theorem 5.1. Let g be a W 2,p −q asymptotically flat metric with p > n and q ≥ n−2 2 , and assume that the scalar curvature of g is integrable. Then the generalized ADM mass coincides with the standard ADM mass.
Theorem 5.2. Let M be a smooth n-manifold with asymptotically flat metric g ∈ C 0 W 1,p −q , p > n, q > n−2 2 . Assume that g has bounded curvature C ′ ≤ Rm(g) ≤ C, in the sense of Aleksandrov and the Ricci curvature distribution ≪ R ij , u ≫∈ L p −q−2 . If the distributional scalar curvature ≪ R g , u ≫ is a finite, signed measure outside some compact set and q = n − 2, then, we have a series of smoothings g ǫ ∈ W 2,p −q , such that lim inf ǫ→0 m ADM (M, g ǫ ) = m ADM (M, g)
Proof. From Theorem 3.8, we have g ǫ ∈ W 2,p −q . And by Theorem 3.2, we have g ǫ ∈ L 1 because we assumed that R g is a finite signed measure outside a compact set. Then Theorem 5.1 implies that the distributional ADM mass of g ǫ is equal to the usual ADM mass.
=|g ij g kl (g il,j − g ij,l ) − g ij ǫ g kl ǫ (g ǫil,j − g ǫij,l )| ≤|g ij g kl g il,j − g ij ǫ g kl ǫ g ǫil,j | + |g ij g kl g ij,l − g ij ǫ g kl ǫ g ǫij,l | ≤|((1 + C 1 (ǫ)) 3 − 1)g ij ǫ g kl ǫ g ǫil,j | + |((1 + C 1 (ǫ)) 3 − 1)g ij ǫ g kl ǫ g ǫij,l | ≤4C 1 (ǫ)(|g ij ǫ g kl ǫ g ǫil,j | + |g ij ǫ g kl ǫ g ǫij,l |)
The last equality follows from the fact that g ǫ ∈ W 2,p −q , then ∂g ǫ ∈ C 0,α −q , which consequences that the integrand of the last equality is Holder continuous. For q = n − 2, ∂g ǫ = O(r −q−1 ) = O(r −n+1 ) implies that the last limit is finite. Thus,
where C(n) is a constant depending on n. Then we obtain the result.
Proof of the main theorem
From the above discussion, we have shown that Theorem 6.1. Let M be a smooth n-manifold (3 ≤ n ≤ 7) with an asymptotically flat metric g ∈ C 0 W 1,p −q , p > n, q > n−2 2 . Assume that (1) g has bounded curvature Rm(g)
in the sense of Aleksandrov;
(2) the Ricci curvature distribution ≪ R ij , u ≫∈ L p −q−2 ; (3) g has non-negative scalar curvature distribution R g ≪ R g , u ≫≥ 0 for any smooth compactly supported non-negative function u on M ; (4) the set Ω = {x ∈ M : Rm(g)(x) ≤ 0} is compact;
where l(x) = dist(x, Ω), for any smooth background metric h, · and∇ are inner product and Levi-Civita connection with respect to h, V is as in the definition of scalar curvature distribution; (6) R g is a finite, signed measure outside a compact set.
Then, we have a series of smoothings g ǫ ∈ W 2,p −q that satisfying
We then follow the approach of [8] to prove the positive mass theorem in our case. First, we state the existence of Ricci flow with initial data g ∈ C 0 due to M.Simon [13] . 
whereΓ are the Christoffel symbols with respect to h.
This flow is equivalent to the Ricci flow under a diffeomorphism and this flow is parabolic but the Ricci flow is not. The way to construct the solution g(t) is as follows.
(i) take a sequence of smoothings g ǫ converges to g;
(ii) for every ǫ, solve the h-flow in a short time with initial data g ǫ to obtain g ǫ (t); (iii) there exists a T > 0 independent of ǫ such that
for any t ∈ (0, T ], here∇ is the Levi-Civita connection with respect to h and C k is independent of ǫ; (iv) extract a subsequence of g ǫ (t) as ǫ → 0 such that g ǫ (t) → g(t) in C k for any k on compact set. By Theorem 6.1, we know g ǫ is (1 + C 1 (ǫ)) fair to g and because the curvature of g is uniformly bounded and thus the curvature of g ǫ is also uniformly bounded by Theorem 3.2. Let g(t) be the g ǫ -flow on (0, T ] for sufficiently small ǫ constructed in Theorem 6.3. In fact, we can modify g ǫ to be equal to the Euclidean metric outside a compact set, and it will also be 1 + C(ǫ)-fair to g. Let g ǫ (t) be the g ǫ -flow with initial data g ǫ in a short time. Now g ǫ ∈ W 2,p −q ⊂ C 1,α −q for p > n, q > n−2 2 . By Lemma 16 of [8] , there is a T > 0 independent of ǫ, such that for any t 0 ∈ (0, T ], we have g ǫ (t) ∈ C 1,α −(q−α) for t ∈ [t 0 , T ] and ǫ > 0. By taking ǫ → 0, we conclude that g(t) ∈ C 1,α −(q−α) for t ∈ [t 0 , T ]. If q > n−2 2 and α is sufficiently small, then g(t) ∈ C 1,α −q ′ with q ′ = q − α > n−2 2 . Therefore, g(t) is asymptotically flat in C 1,α −q with q > n−2 2 . Next, we will check that g(t) satisfies the assumptions of positive mass theorem. The following theorem in [8] will be used. Theorem 6.4. Suppose that g ǫ → g locally uniformly in C 2 and g ǫ ∈ C 1,α −q for q > n−2 2 . In addition we assume that R(g ǫ ) ∈ L 1 for all ǫ > 0 and the scalar curvature of g ǫ satisfies
Then the scalar curvature R(g) of g is nonnegative and integrable, and
assuming that the limit is finite.
Thus, we only have to check that g ǫ (t) satisfies the assumptions of Theorem 6.4. There is some slight difference between our condition and theirs in [8] .
Theorem 6.5. Let M be an asymptotically flat n-manifold with smooth metric g. Suppose g ∈ W 2,p −q , p > n, q > n−2 2 , the scalar curvature R(g) is integrable, and g has bounded curvature. Let g(t) be the Ricci flow for t ∈ [0, T ] starting with g(0) = g. If
M\Br

|R(g)|dV < η(r)
with lim r→∞ η(r) = 0. Then there existsη(r) depending not on t, such that for t ∈ [0, T ] we have M\Br |R(g(t))|dV <η(r) and lim r→∞η (r) = 0. In particular, R(g(t)) ∈ L 1 for t ∈ [0, T ].
Proof. The proof of the theorem is similar to the one in [8] . The difference is that we only assume g ∈ W 2,p −q while they supposed that g ∈ C 2 −q . Thus, we do not have the decay of Ricci curvature, i.e. |Ric| 2 < C|x| −2q−4 < C|x| −n−2 , which consequences This is used in the proof of [8] . We will show that (6.3) is also right in our situation with a bit difference and then the theorem is proved. For g ∈ W 2,p −q , then the Ricci curvature Ric of g is in L p −q−2 . Since p > n ≥ 3, then p 2 > 1 and by Holder inequality, we have and −2 p−2 2 = −2 + 4 p ≤ −2 + 4 3 < 0. This is enough for proving the theorem. Apply Theorem 6.5 to g ǫ , we obtain R(g ǫ (t)) ∈ L 1 for t ∈ [0, T ] and for every ǫ > 0. To check the condition (6.2), we need the next theorem. Theorem 6.6. Let M be an asymptotically flat n-manifold with smooth metric g. Suppose g ∈ W 2,p −q , p > n, q > n−2 2 , the scalar curvature R(g) is integrable, and g has bounded curvature. Let g(t) be the Ricci flow for t ∈ [0, T ] starting with g(0) = g. For any t > 0 we have along the Ricci flow lim r→∞ ∂Br |∇R|dS = 0 Moreover, if t 0 > 0 then this convergence is uniform for t ∈ [t 0 , T ].
Proof. We know the evolution equation of the scalar curvature R(g(t))(x) under the Ricci flow is ∂R ∂t = ∆R + 2|Ric| 2
In addition we will work outside the compact set B where the asymptotic coordinates are defined. As long as t ∈ [ t0 2 , T ], the metrics along the flow are uniformly equivalent to the Euclidean metric outside B and also their derivatives are controlled. Thus the evolution equation 
